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ARTICLE INFO ABSTRACT

Keywords: Domain decomposition method (DDM) is an efficient tool for solving multi-domain problems. Many kinds of

Non-overlapping domain decomposition DDM have been proposed in literature, such as the p-N alternating method and optimized Schwarz method, etc.

g:?;ﬂds The main difference between these methods lies in the transmission conditions on the interfaces between sub-
1

domains. Most DDMs have at least one relaxation parameter which must be properly chosen to ensure conver-
gence. To avoid prior determination of a constant relaxation parameter, dynamic relaxation parameters are
devised based on error analysis. Another, difficulty of DDM is that special preprocessor has to be used to handle
cases where interior cross-points exist among the domains. In dual interpolation boundary face method (DiBFM),
boundary integral equation (BIE) is collocated on nodes inside elements, therefore naturally avoids the interior
cross-points problem. In this paper, we have implemented some main kinds of DDM in the frame of DiBFM and
conducted comparative studies accounting for different interface conditions and relaxation parameters, using
examples that involve different topological connections between subdomains.

Multi-domain problems

1. Introduction

In recent decades, multi-domain problems have been intensively
studied and applied in various fields, such as potential problems [1,2],
elasticity problems [3,4], nonhomogeneous material problems [5], etc.
There are two main approaches to solve multi-domain problems. One is
to directly assemble the equations of all the subdomains to form an
overall system of linear equations [1,5,6]. Although the coefficient
matrix exhibits some sparsity which can be used to improve efficiency,
the required computation time and memory are still large, and the filling
problem in direct solvers for sparse matrices is also troublesome. The
other is the so-called domain decomposition method (DDM) which
firstly proposed by Schwarz [7]. In DDM, the governing equations are
separately set up for each subdomain, the relationships between the
subdomains are established by interface conditions, and each sub-
domain is solved independently. Therefore, DDM can significantly
reduce CPU time and memory usage, and is easy to parallelize. Due to its
own advantages, DDM has been developed rapidly in recent years. Many
kinds of DDM have been proposed, such as the well-known p-N alter-
nating method [8] and P.L. Lions method [9,10], the main difference
between these methods lies in the interface conditions. In the
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implementation of b-N alternating method, the Dirichlet and Neumann
boundary conditions are specified on the interfaces, respectively, while
the Robin boundary condition is used in P.L. Lions method. In addition,
the DDMs using Dirichlet-Dirichlet, Neumann-Neumann interface con-
ditions can also be found in [11-13].

By combining with different numerical methods, such as the finite
element method (FEM) and the boundary element method (BEM), DDMs
are widely used in solving various multi-domain problems [14-18].
Contrary to direct methods, two aspects should be specially noticed in
DDM:s. First, DDMs are iterative methods and the relaxation parameters
should be predetermined in the iterative equations. A reasonable
relaxation parameter can ensure or accelerate convergence. However,
the choice of relaxation parameter is problem dependent. To avoid prior
determination of relaxation parameter, dynamic relaxation parameters
can be devised based on error analysis in each iterative step. The second
aspect is that DDMs cannot guarantee convergence when there are
interior cross-points among subdomains which inevitably exist in real
engineering structures. Usually, a special preprocessor has to be con-
structed to deal with the interior cross-points in the implementation of
DDMs. Fortunately, in dual interpolation boundary face method
(DiBFM) [19], boundary integral equation (BIE) is collocated on nodes
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Table 1
The variable description information table.
Variables Description
&N Parameter coordinates
N Element shape function of the i th source node/virtual node
s
Superscripts ‘s, v’ Source node /virtual node
UU”,UQ”,Qu", Shape functions in meshless method
QQVS
n Unit outward normal
Q; The i th subdomain
|8 PR Dirichlet, Neumann and interface boundaries
5 G Coefficient matrix blocks obtained by integrating the source
nodes at the Dirichlet boundaries with the virtual nodes at the
Neumann boundaries.
Pl F(V) Vectors with constant Robin coefficients
r o Pr
Subscripts ‘M, ‘S’ Master/ slave interface
nltr The n-th iteration/Number of iterations
o, B, Y, p Relaxation parameters in DDMs
A Coupling coefficient in parallel Robin- Robin DDM
€ Tolerance
Erru, Errq The relative errors of temperature and flux

inside elements. The interior cross-points problem can be naturally
avoided. Besides, the trial function need not to be continuous in DiBFM,
discontinuous meshes [20] can be employed to discrete the boundaries,
which reduces the difficulty of automatic mesh generation for complex
models. In this paper, five main DDMs including different interface
conditions and relaxation parameters are implemented into the frame of
DiBFM and comparative studies on these methods are conducted by
using a number of examples with different topological connections be-
tween subdomains.

This paper is arranged as follows. Section 2 derives the DiBFM for
multi-domain problems and its discrete scheme. Section 3 introduces
five non-overlapping DDMs with DiBFM. Numerical examples are given
in Section 4. The conclusions are researched in Section 5. The descrip-
tion information table for main variables in this paper is given below
(Table 1).

2. DiBFM for multi-domain potential problems
2.1. DiBFM

The boundary face method (BFM) [21] inherits the advantages of the
BEM and has its own characteristics. Different from isogemetric analysis
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method [22], in the implementation of the BFM, CAE analysis is directly
performed on CAD model, thus CAE and CAD are naturally integrated.
As shown in Fig. 1, the BFM model is completely consistent with the
original CAD model, while the BEM model has geometric errors.

Introducing the dual interpolation element, there are two kinds
nodes as shown in Fig. 2. One is the source node located inside the
element and the other is virtual node arranged at the vertices and edges
of the element. Since only the source nodes are used for the collocation
points of boundary integral equation, the situation of interior cross-
points can be avoided.

There are two layers of interpolation in dual interpolation elements,
the first-layer interpolation is used to approximate physical quantities
and its forms are given below:

u(en) = SN Emu(e) + YN Enu(Q)) M
i=1 =1

aen) = Y NEna(@) + SN Ena(2) 2
i=1 Jj=1

The second-layer interpolation uses the meshless method to
condense the degree of freedom (DOF) of virtual nodes, and its forms are
defined below:

o sourcenode O virtual node

Fig. 2. Dual interpolation constant elements.

(b)

Fig. 1. (a) BFM model (b) BEM model.
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M M
u(Q)) =Y UU ey (@) + D UQ Ly Q) @)

I=1
M M
a() =Y QU E(@) + 10 W a(e) @

where (&, 1) and (x, y, z) denote the surface parameter and Cartesian
coordinates respectively. The superscripts ‘s’ and ‘v’ represent the source
and virtual nodes respectively. N are the shape functions of element and
UU",UQ%,QU%,QQ% denote the shape functions in meshless method
respectively. n is the unit outward normal. n; n; are the number of
source and virtual nodes in a dual interpolation element respectively. M
is the number of source nodes located in the influence domain of the
virtual node Qj as shown in Fig. 3.

2.2. Boundary integral equation for multi-domain potential problem

Consider a multi-domain potential problem as shown in Fig. 4, we
have:

Viu=0, Vx € Q(i=1,2,3)
u=1u, Vx €T, (5)

q:%zﬁ, vxerl,

where Q; denotes the i th subdomain, uand q are the potential and
normal flux, respectively. I';, I';and I'represent the Dirichlet, Neumann
and interface boundaries, respectively.

For each subdomain, the boundary integral equation is configured
separately as follows:

c(PYu(P) = / G(P.0)q(Q)dr(Q) - / F(P,Q)u(Q)dI(Q) ©)

I

where P and Q represent the source and field point respectively, G(P, Q)
and F(P, Q) are the kernel functions. c(P) is a coefficient and equals to 1/
2 when the boundary around P is smooth.

2.3. Discretization and assembly

The Discretization of Eq. (6) using dual interpolation elements can be
written in matrix form as shown below:

w, w o, ou|(w) [mom owoml(w
w, my oH Hp|Jw| | ow B HY W
Hy WD OE, HD w0 |HLOH)OH HY (W
my Hom R || |HDoE o E|w
& 6 6 el fw) [en 6 e 6w
_les e erlfal |6 o6 oorl]a
A A A R B K o R
e 6 6 6| |la] |en & e @@

@

where the subscripts ‘d, n, r, i’ represent the Dirichlet, Neumann, Robin
and interface boundaries, respectively. The superscript ‘— ’ indicates the
physical quantities are known.
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Using robin boundary conditions q* = f, — @' to eliminate the DOF

of virtual nodes located on the robin boundaries. Eq. (7) becomes:

5§ 55
Hdd Hdr
H, H,

S5 58
Hmi Hnr

58 58
Hid Hir

sV
Hdd
sV
Hrd
sV
Hmi

SV
Hid

G,
G
G
G

w, ;| (w
w, m| )W

)

m R |

-+ Ga Hy, Hy| (W
W+ Ga W) HY| )W
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Gdn
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Gdi
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(8)

Introducing the second-layer interpolation, the matrix forms of Eqs.
(3,4) are given below:

uu;,
uu;
uu;,
uu;

ue;, UQ;
uQ; ey

uu;,
uu;
vy
vy

u;,
o

m

uu,,

nn

vy

uQ

uu;
uu;
uu;

vy

vs vs
dn UQdi

uQ, UQ;

uQ,; UQ, UQ
uvQ;, uQ?

Vs
U id

QU
QU
Qu;,
QU

Q

Qu;
QU
Qu;
Qu;
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nn U ni
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ni

Qu;
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dd Qer Qan Q di

QQ, QQ;

QQ

QQ; QQ;

s
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LY

~5

=
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©)]

10)

where UU, UQ, QU, QQ represent the shape functions in Egs. (3,4).
Substituting Eqs. (9,10) into the Eq. (8) and rearranging, we obtain:
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Fig. 3. Schematic diagram of the second-layer interpolation.
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q

Fig. 4. Multi-domain potential problem.
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Fig. 5. The calculation flow chart of DDM.
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With relocation and simplification, Eq. (12) can be written as

where the blank positions of the above matrices indicate that all its el-
follows:

ements are zero.
. . . Py o~ ~s
Considering robin boundary conditions of the source nodes q;, =, —

~5=~§

@, Eq. (11) becomes: Ay Ap
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Fig. 6. The schematic diagram of interface classification scheme.

where A and B are the coefficient matrices and Rrepresents the right-
hand vector that has not yet considered the interface conditions. Tak-
ing Agg,Bgand Ry as examples, their forms are given below:

Au = =(G3+GQQy; + G Q) + (H +Gja))UQ;; + HUQy,

+H;UQy
a4
B, = H + (H + G}a,)UU + H; UUY + H; UUY
- (GQU; + G5 QUy) 1s)

R, = (- Hju, +G}f, + Gq,
+G;(QQ;7, +QQ;a, + QUK — (M} +G5a) (UQ;5, + UQ,;
~H; (UQ;}/, + UQ,a, + VU, — H;(UQ}5, + UQ;,

For interface boundaries, there are three available boundary condi-
tions. Firstly, considering the application of Dirichlet boundary condi-
tions on the interfaces, i.e., uj = u;, Eq. (13) becomes

Au As Au Ay 4 Ry = Byu;
Av A, A, A;lJu| JR-Bm an
And Anr Ann Am’ llil a R, — Bmﬁ;
Aid Air Ain Aii q; R[ _ B”ﬁ’\

Then considering Neumann boundary conditions ¢ = q;, we obtain

Au Ap Ay By | %] | RemAd
; ) w R, —A.q;
Au Ap An By o ‘1 18)
And Am Ann Bni uf, Rn - Aniq?
Aid A[r A[n Bii u;f Ri — A”qi
The last is Robin boundary conditions u = a — fq;, we have
Au Ay Au Ay—pBy | Y R, — B,
Au A, A, Ai—pB;|Ju | _ JR -Bia (19)
And Anr Ann Am’ - ﬂBui u; N Rn - Bnia
Aid Air Ain Aii - ﬂBii q‘ Ri - Biia

where a is a vector with constant robin coefficient and p is the other
constant robin coefficient.

Egs. (17-19) can both be written in the form of System of linear
equations Ax = b, and each subdomain can be solved separately. In
addition, the coefficient matrix is invariant and only the values of the
nodes on the interface boundaries need to be updated in each iteration

+UUST) —H

)+ (GLB, +Goa) + G (QQ;A, +QQ;a,
+UU

SV —

dd M
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step.
3. Five non-overlapping DDMs-DiBFM

In the implementation of non-overlapping DDMs, the boundary
conditions on the interfaces are assumed and depended on the DDM
used. The non-overlapping DDMs using Dirichlet-Dirichlet, Dirichlet-
Neumann, Neumann-Neumann, Robin-Robin interface conditions are
discussed in this section. The symbols ‘M’ and ‘S’ are used for dis-
tinguishing the master and slave interfaces belonging to different sub-
domains. If the interface conditions are of the same type, the master and

+ QU )
(16)

v

slave interfaces can be specified arbitrarily. Otherwise, the interface
with constrain condition is designated as the master interface. In each
iteration step, the values of the nodes on the master interface are
updated by iteration equation, while those on the slave interface are
updated by iterative equation or interpolation between the two in-
terfaces according to the DDM used. The calculation flow chart of DDM
is shown below (Fig. 5).

3.1. Parallel Dirichlet-Dirichlet case

In this case, the Dirichlet boundary conditions are applied to all in-
terfaces. The computations for all subdomains are carried out in parallel.
This algorithm can be described below:

1. Set initial values for all interfaces, in general, u},, = uls = 0.

2. Solve all subdomains in parallel and obtain the fluxes q7}; and ¢

o gnltr+1  __ onltr nitr nitr nltr+1 __ . nltr+1
3. Update nodal values: ujyy™ =ufj)7 — a(qfyy + 4", uig =ujy.
Determine whether the convergence criterion || uy — a1 < e is

satisfied.
4. Repeat steps 2-3 until the convergence criterion is met.
where nltr and i represent the n-th iteration step and the i th interface
respectively.ais a relaxation parameter and ¢ is the given tolerance.

3.2. Parallel Neumann - Neumann case

In the implementation of this algorithm, the Neumann boundary
conditions are imposed on all interfaces instead of the Dirichlet
boundary conditions, the computations are also parallel. The algorithm
is given as follows:
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(b)

Fig. 7. (a) Cuboid and (b) its binary tree meshes.
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Fig. 8. Comparison of iterations under different relaxation parameters.
35 Table 2
- Comparison of iterations and errors between optimal and dynamic relaxation
1 \ — . Par RO parameter.
30 \ Algorithm  Optimal Dynamic
] \ nltrs Erru Errq nltrs Erru Errq
72}
g Par DD 83 1.321E-03  3.865E-03 29 1.305E-03  3.857E-03
2 25 1 Par NN 25 1.313E-03  3.843E-03 11 1.309E-03  3.881E-03
5 \ Par DN 15 1.309E-03  3.862E-03 17 1.305E-03  3.869E-03
-;f 1 Seq DN 3 1.327E-03  3.890E-03 3 1.282E-03  3.781E-03
o
= 20 \
2 u u o .
s | \ e 1. Set initial values for all interfaces, ¢},; = q}5 = 0.
\ ] ’ ’
2 \ yd 2. Solve all subdomains in parallel and obtain the potentials us and
15 1 \ u nltr ,
- = l/ s -
1 AN / 3. Check for the convergence criterion | ulf— uf¥||<e. If the
10 4 . convergence is not achieved, then update nodal values: ¢/o*! =
nitr nitr nltr nltr+1 __ nltr+1
, 1 N 1 R I R 1 . 1 Gim + ﬂ(“i,s - i,M)’ Qis =~ Ym -
0.0 0.2 0.4 0.6 0.8 1.0 4. Repeat steps 2-3 until the convergence criterion is met.

Coupling coefficient

Fig. 9. Comparison of iterations under different coupling coefficients.
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wherefis a relaxation parameter.

This algorithm has its limitation, that is, Neumann boundary con-
ditions can’t be imposed to all outer boundaries of each subdomain.
Otherwise, the coefficient matrix is singular and the solution is
incorrect.
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Fig. 10. Contours of (a) temperature and (b) normal flux of the cuboid.

60
= Par DD
® Par NN
4 Par DN ]
v Seq DN - -
2]
.S 40 4 ¢ Par Ro
8
2
=
=] | |
b
(93
..E |
= 20 4
Z A A
A
[ L J L L ]
L < < <
v v v v
O 1 vI 1
0 500 1000 1500
Total Dof
Fig. 11. Comparison of iterations under different mesh sizes.
50 = Par_DD -
®  Par NN
4 Par DN *
-
4 40 v Seq_DN -
g ¢ Par Ro
2 - * A
5 A
3] -
= 30 )
G - ) °
o} $ .
° e
g 20 -
Z A $
A
L 4
04
* v
v v
v v
0 Y 1 1 1 " 1 i 1
3 4 5 6 7 8

Tolerance (10™)

Fig. 12. Comparison of iterations under different tolerances.
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3.3. Sequential Dirichlet-Neumann case

In this case, the Dirichlet boundary conditions are applied to the

master interfaces while the Neumann boundary conditions are applied
to the slave interfaces, and the solving process is sequential. This algo-
rithm is given as follows:

5.

1

- Set initial values for all master interfaces, u;), = 0.
. Solve the subdomains containing only the master interfaces and

obtain the fluxes q7%7.

. Set q'¥" = — q}7, Solve the subdomains containing the slave in-

terfaces and obtain the potentials ",

. Determine whether the convergence criterion || uflf — u™r—1||< ¢ is

satisfied. If not, then update nodal values: ufji*' = yuf + (1 —
AL

Repeat steps 2—-4 until the convergence criterion is satisfied.

where yis a relaxation parameter.

To ensure that each subdomain is constrained, there must be a

master interface for a subdomain whose surface boundary conditions are
all Neumann. As shown in Fig. 6, the interface classification scheme is as
follows:
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Table 3

Comparison of iterations and errors between four DiBFM-DDMs.
Algorithm nltrs Erru Errq
Par DD 440 7.2E-5 7.188E-4
Par DN 313 7.09E-5 7.176E-4
Seq DN 79 7.06E-5 7.085E-4
Par Ro 33 7.11E-5 7.202E-4

1

2.

3.

. Find subdomains containing constraints and mark all their interfaces
as slave interfaces.

Mark another interface corresponding to the slave interface as the
master interface.

The subdomains to which the master interfaces belong are the new
constraint domains, then repeat step 1-2, skip if the interface is
already marked.

I'p and [yrepresent interfaces where the Dirichlet and Neumann
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(b)

Fig. 14. (a) Cube with 27 subdomains and (b) its binary tree meshes.

boundary conditions are applied, respectively. This process is recursive
and stops when all interfaces are marked.

3.4. Parallel Dirichlet-Neumann case

The application of boundary conditions and interface classification
for this algorithm are the same as in 3.3, but the solving process is
parallel. This algorithm is described below:

. Set initial values for all interfaces, uf,, = 0, gg = 0.
2. Solve all subdomains in parallel and obtain the potentials uglstr and
the fluxes g1

N 1
3. Check for the convergence criterion || wfff — w1 + | q¥ —
q1|< e. If the convergence is not achieved, then update nodal

. 1 1 1

values: u;flnf,’* = pul + (1 — p)ul, qgg’* = — q;f}f,,'+ .

4. Repeat steps 2-3 until the convergence criterion is met.

where pis a relaxation parameter.
3.5. Parallel Robin- Robin case
In this scheme, the Robin boundary conditions are applied to all

interfaces, the computations for all subdomains are carried out in par-
allel. This algorithm can be described below:

1. Set initial values for all interfaces, u},, = u}s = 0.

2. Solve all subdomains in parallel and obtain the fluxes qﬁ‘} and q%".

3. Construct the Robin boundary conditions uj7 ' + Aq'y ' = uf" —
Q7Y and u;fg”l + lqgg’“ = ulls — Aqi.

4. Solve all subdomains in parallel. Obtain the potentials uﬁ‘,} , ulffg" and
the fluxes q7', qf4".

5. Determine whether the convergence criterion
| (s +2q7i7) — (uff ! +Aqfy 1)< e is satistied.

6. Repeat steps 3-5 until the convergence criterion is met.

where A > 0is the coupling coefficient.
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Normal Flux

Fig. 16. Contours of (a) temperature and (b) normal flux of the inner cube.
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Fig. 17. (a) Sink with 34 subdomains and (b) the geometries and (c) binary tree meshes.

3.6. The choice of relaxation parameter

For different problems, the value of the relaxation parameter also
varies. A reasonable relaxation parameter can ensure convergence or
significantly reduce the number of iterations. To avoid prior determi-
nation of the relaxation parameter, a technique for dynamically
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selecting relaxation parameters is introduced. In the implementation,
the corresponding error function is built according to the different DDM
cases, and an expression for the relaxation parameter can be obtained by
taking the extreme value for the error function. The value of the relax-
ation parameter in each iteration step can be calculated accordingly.
Taking the DDM using Neumann - Neumann interface conditions as
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Fig. 18. The maximum interface error versus the number of iterations.

Table 4

where ||||2 denote the Iy norm.
Comparison of iterations and errors between the five DiBFM-DDMs.

Taking the partial derivative with respect to p yields:
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Algorithm nltrs Erru Ermq Fp) = 2 — Q) [l — ) — (i — )]

Par DD 192 2.012E-5 1.704E-3 MM s $ oo

Par NN 313 2.01E-5 1.68E-3 + 26 (ug" — ") = (wyy =y L (22)

Par DN 188 2.011E-5 1.771E-3

Seq DN 55 2.061E-5 1.712E-3 Obviously,

Par Ro 57 2.016E-5 1.674E-3 2

! 11 Itr—1 11 Itr—1
F(B) =2 (u —ug ") — (wjf” —wjf") ||, >0 (23)
an example, the process is shown below: Therefore setting F(B) = 0, the expression for p can be obtained
Firstly, introducing the iterative equations: below

qszr _ q;z;tr—l + /}(ug””l _ u;t/;tr—l) 20 f=— (anlrr _ anIrr—l) [(uglrr _ u;lrr—l) _ (uﬁtr _ uﬁml)}
Qi = g 4 ﬁ(u;’" _ ux;tr) 24)

Then substituting Eq. (20) into the given error function as follows:

Fp) = lay " —ayls
_ ” q;:;tr _ anlzr—l + ﬂ[(uglzr _ ug[zr—l) _ (uanzr _ uanlr—l)] ”Z
— || qﬂtr _ qAn;!r—l ||§+2ﬂ(anltr _ qAn;Ir—l) [(u;hr _ uglrr—l) _ (uﬂtr _ u%rr—l)]
+ﬁ2H (ugllr _ ugm’l) _ (uxllfr _ uanrr—l) HZ
Temperature
2256.7545
%2000
1000
0
-1000
-1157.37

/” (uglrr _ u;lrr—]) o (uﬂlr _ unMIrr—l) ”;

Similarly, the expressions for a, y, p are given as follows, details can

(21)

Normal Flux

573.26562
400
200
0
-200
-400

-586.025

Fig. 19. Contours of (a) temperature and (b) normal flux of the sink.
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Fig. 20. (a) Camshaft with 5 subdomains and (b) its binary tree meshes.
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Fig. 21. The maximum interface error versus the number of iterations.

be referenced in the literature [23-24].

nltr

a = (uy— i) (a5 @ "))

_ qgltr—l) + (anltr _

nlir nltir— nltr nltir— 2 (25)
/” (qslt — 1) T (th — 1) I
y =< enM["7 eanxr _ eglxr > /H e”Mkr _ e;lxr ”i (26)
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Table 5
Comparison of iterations and errors between the five DIBFM-DDMs.
Algorithm nltrs Erru Errgq
Par DD 35 3.650E-5 4.929E-4
Par NN 26 3.109E-5 4.049E-4
Par DN 40 2.920E-5 4.352E-4
Seq DN 10 2.090E-5 3.305E-4
Par Ro 31 2.209E-5 3.649E-4
p= [ < ean, eantr _ e;Itr >+
< enMItr—l7 e,'ﬁj"‘l _ e;hr—l > } /( HenMItr _ e;”’|\§+|e,’}4’”" _ e;hr—l Hi) @27
where el = ulr — -1 ellr — ylUr — yU7-1 and < q, b > represents

the inner product of a and b.
4. Numerical examples

To carry out the comparative study of the above DiBFM-DDMs, three
numerical examples are given in this section. The first example considers
the case of two subdomains. The effectiveness of handling interior cross-
points problems is verified in the second example. The last example is
presented to illustrate the capacity of DiBFM-DDMs to solve complex
model. For the sake of simplification, the symbols ‘Par_ DD’, ‘Par NN’,
‘Par_DN’, ‘Seq_ DN’ and ‘Par_Ro’ denote the parallel Dirichlet-Dirichlet,
parallel Neumann-Neumann, parallel Dirichlet-Neumann, sequential
Dirichlet-Neumann and parallel Robin-Robin scheme respectively. The
convergence criterions are given in Section 3 and the tolerance ¢ =
0.0001 if not specified. The analytical boundary conditions of potential
and flux are used for reference solutions and their forms are given below:
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u=x+y +72 - 3x% —3y*z — 3% (28)
ou

q= 7ka =—k (qxnx + qymny + qznz) (29)

where

g, =3x* —6xy —32°,q, = 3y" — 6yz — 3x’,q, = 32" — b6xz — 3y’ (30)

and k stands for the heat conductivity in steady-state heat conduction
problems.

The relative errors between the analytical and numerical solutions
are evaluated by the following formula:

(€19)

where |w(e)|max represents the maximum node value, wfe) and wi(c) are the
analytical and numerical solutions, respectively. The relative errors of
potential and flux are denoted by symbols Err u and Err._q respectively.

4.1. Cuboid

Consider the multi-domain problem of cuboid firstly. The cuboid is
decomposed into two cubes with side length of 1 m as shown in Fig. 7(a).
The binary tree meshes are applied to discrete the boundaries as shown
in Fig. 7(b) and are similar to the meshes obtained by mapping method.
Using the analytical boundary conditions defined in Egs. (28,29), the
Dirichlet boundary conditions are imposed to the left and right sides of
the cuboid and the Neumann boundary conditions are applied to
remaining surfaces. The total number of elements, source and virtual
nodes is 1200, 2192 and 5436, respectively.

(b)

Fig. 22. Contours of (a) temperature and (b) normal flux of the camshaft.
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The fixed relaxation parameter is investigated firstly, Fig. 8 gives the
number of iterations under different relaxation parameters. The results
show that, for each algorithm the relaxation parameters have applicable
range to achieve convergence, a reasonable value can yield a small
number of iterations. Obviously, the relaxation parameters range of the
Par_DD is much narrower than that of the other algorithms. Fig. 9 shows
the number of iterations under different coupling coefficients in Par_Ro,
and the coupling coefficients A = 0.5 is used if not specified in the
following calculation.

By introducing the dynamic relaxation parameter, there is no prior
determination is required in the iteration process. To illustrate the val-
idity and superiority of dynamic relaxation parameter, the comparison
of iterations between optimal and dynamic relaxation parameter is
presented in Table. 2. Fig. 10 shows the distribution of temperature and
flux of the cuboid. ‘nltrs’ denote the number of iterations

Examining Table 2 reveals that the convergence rate of dynamic
relaxation parameter approaches or even exceeds that of the optimal one
selected from the fixed relaxation parameters, and all algorithms are
close in terms of accuracy. The Seq DN converges the fastest and the
Par_DD is the slowest. The dynamic relaxation parameters are used by
default unless otherwise specified in the following results.

Next, the effect of mesh size on the convergence is considered and
depicted in Fig. 11. It can be seen that the Par_DD is sensitive to the mesh
size and its number of iterations is roughly positively correlated with the
mesh size, while the mesh size has little effect on the convergence of the
other algorithms.

The number of iterations varies with different tolerances as shown in
Fig. 12. The change in the slope of the line implies a change in
convergence rate, the Par DN and Seq DN can maintain a stable
convergence rate while the other algorithms have fluctuations in the
convergence rate.

Fig. 13 gives the effect of initial guess on the convergence. The close
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the initial guess is to the theoretical solution, the faster the convergence
achieve, and the Seq DN is more robust than the others.

4.2. Cube

The cube consisting of 27 subdomains are investigated in this
example, each subdomain is a small cube with side length of 1 m as
shown in Fig. 14(a) and its discretization with binary tree meshes are
depicted in Fig. 14(b). It should be noted that there is an inner cube
whose boundaries are all inside, the Par_NN is no longer applicable to
this model since the Neumann boundary conditions will be imposed on
all interfaces of the inner cube, and the coefficient matrix is singular. In
this case, the Dirichlet boundary condition defined in Eq. (28) is applied
to all the surfaces of the cube, the dynamic relaxation parameters are
used in iteration process. The total number of elements, source and
virtual nodes is 4050, 8658 and 21,888, respectively.

Fig. 15 shows the maximum interface error versus the number of
iterations, indicating the convergence process is oscillating, the steeper
the curve, the faster the error drops, and the faster the convergence, the
Par_Ro converges the fastest and the Par_DD is the slowest. Table. 3 gives
the relative errors of temperature and flux of the inner cube and the
overall rate of convergence. Solutions obtained by all algorithms agree
well with analytical solutions. The distribution of temperature and flux
of the inner cube is depicted in Fig. 16.

Compared to the previous example, the number of interfaces has
increased, which also leads to an increase in the required number of
iterations, and the interior cross-points exist on common vertices of
inner subdomain, this example also demonstrates there is no need for a
specialized preprocessor to handle the problem of interior cross-points
in DiBFM-DDMs.

4.3. Sink

The sink decomposed into 34 subdomains is studied in this example.
The CAD model of the sink and its geometry, as well as its binary tree
mesh are depicted in Fig. 17. There are 33 interfaces and the Dirichlet
boundary condition defined in Eq. (28) is applied to all the surfaces of
the sink. The total number of elements, source and virtual nodes is
26,212, 45,352 and 114,288, respectively.

Fig. 18 shows the maximum interface error versus the number of
iterations, the Seq_ DN and Par_Ro still converge significantly faster than
the others. It can be seen from Table 4 that results of all algorithms are
basically consistent with the analytical solutions and their differences
are not significant. The distribution of temperature and flux of the sink is
depicted in Fig. 19.

4.4. Camshaft

The camshaft is decomposed into 5 subdomains in this example and
there are 4 interfaces. The CAD model of the camshaft and its binary tree
mesh are shown in Fig. 20. The Dirichlet boundary condition defined in
Eq. (28) is applied to all the surfaces of the sink. The total number of
elements, source and virtual nodes is 9204, 12,749 and 49,612,
respectively.

Fig. 21 shows the maximum interface error versus the number of
iterations, the Seq DN converge faster than the others. It can be seen
from Table 5 that results of all algorithms are basically consistent with
the analytical solutions. The distribution of temperature and flux of the
Camshaft is depicted in Fig. 22.

5. Discussion and conclusions

Five non-overlapping domain decomposition algorithms in the frame
of dual interpolation boundary face method are developed and investi-
gated for solving multi-domain potential problems. The main differences
between these algorithms are the transmission conditions on the
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interfaces between subdomains. For most DDMs, a reasonable relaxation
parameter can ensure or accelerate the convergence. Instead of pre-
determining a constant relaxation parameter, the dynamic relaxation
parameters are derived based on error analysis in each iterative step to
achieve an efficient convergence. Besides, by coupling DDMs with the
DiBFM which boundary integral equation is collocated on nodes inside
elements, the problem of interior cross-points is naturally avoided.
Numerical examples illustrate that the sequential Dirichlet- Neumann
and parallel Robin- Robin methods, in general, have better performance
than the others, and the parallel Dirichlet- Dirichlet method is relatively
poor. This study will be extended to multi-domain elasticity problems
and contact problems in the next step of work.
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